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• We study the problem of consistent interactions for spin-3 gauge fields in flat space- 

' time of arbitrary dimension n > 3. Under the sole assumptions of Poincare and parity 
invariance, local and perturbative deformation of the free theory, we determine all 

Q^' nontrivial consistent deformations of the abelian gauge algebra and classify the corre- 

^ ' sponding deformations of the quadratic action, at first order in the deformation param- 



eter. We prove that all such vertices are cubic, contain a total of either three or five 
derivatives and are uniquely characterized by a rank-three constant tensor (an internal 



H ' algebra structure constant). The covariant cubic vertex containing three derivatives 

is the vertex discovered by Berends, Burgers and van Dam, which however leads to 
inconsistencies at second order in the deformation parameter. In dimensions n > 4 
and for a completely antisymmetric structure constant tensor, another covariant cubic 
vertex exists, which contains five derivatives and passes the consistency test where the 
previous vertex failed. 
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1 Introduction 



Whereas gauge theories describing free massless fields of arbitrary high spin are by now well 
established, it still remains unclear whether nontrivial consistent self-couplings and/or cross- 
couplings among those fields may exist at the level of the action, such that the deformed gauge 
algebra is non-abelian. The old Fronsdal programme of introducing consistent couplings 
among higher-spin gauge fields [1] is still far away from completion. Actually, there is a 
general belief that such interactions are forbidden, except perhaps when the cosmological 
constant is nonvanishing, in which case encouraging results have been found at the level of 
equations of motion (see e.g. [2,3] and references therein). 

The Fronsdal programme was initially investigated in two distinct directions: either 
searching for consistent vertices for higher-spin gauge fields interacting with each other but 
not with gravity, or attempting to couple consistently some given higher-spin gauge field with 
gravity. On the one hand, the problem of consistent interactions among higher-spin gauge 
fields in Minkowski spacetime M""^'^ was addressed in [4-15] where some positive results 
have been obtained. In the light-cone gauge, three-point couplings between completely 
symmetric^ gauge fields with arbitrary spins s > 2, were constructed in [5, 13, 15]. For the 
pure spin-3 case, a cubic vertex was obtained in a covariant form by Berends, Burgers and 
van Dam [6]. These results describe consistent interactions at first order in a deformation 
parameter g and involve higher-derivatives. However, no-go results soon demonstrated the 
impossibility of extending these interactions to the next orders in powers of g for the pure 
spin-3 case [7, 9, 10]. On the other hand, the first explicit attempts to introduce interactions 
between higher-spin gauge fields and gravity encountered severe problems [17]. 

Very early, the idea was proposed that a consistent higher-spin gauge theory could exist, 
provided all spins are taken into account [1]. In order to overcome the gravitational coupling 
problem, it was also suggested to perturb around a curved, conformally-fiat background, like 
for example AdSn- In such a case, the cosmological constant A can be used to cancel the 
positive mass dimensions appearing with the increasingly many derivatives of the vertices. 
As the works of Fradkin, Vasiliev and others show, interesting results have indeed been 
obtained in those directions, even at the level of the action [18]. 

If there is a lesson to learn from decades of efforts toward a consistent theory of interacting 
higher-spin gauge fields, it certainly is the unusual character of the possible interactions. 
For instance, the cubic vertices contain more than two derivatives.^ This, in turn, can be 
linked to the fact that the spin-s curvature is expressed via s derivatives of the gauge field 

Light-cone cubic vertices involving mixed symmetry gauge fields were computed in dimensions n = 5, 6 

[16]. 

^The full theory presented in [2] is even expected to be non-local. 
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[4, 19]. Consequently, in order to investigate further the possible local higher-spin consistent 
interactions, it is of prime importance to use as general a tool as possible. A cohomological 
method is known [20] , which offers all the generality one could wish and clearly organizes the 
calculation of the nontrivial consistent couplings. In this approach, the old Noether method 
(see for instance [9]) is reformulated in the BRST framework where consistent couplings 
define deformations of the solution of the master equation. This formulation has been used 
recently in different contexts (see e.g. [21-23] and references therein). 

In the present paper, we come back to the initial (and more modest) problem of con- 
sistent interactions among higher-spin gauge fields in flat spacetime and concentrate on the 
pure spin-3 case. The motivation behind our work is the existence of the new method [20] 
developed in the meantime, which allows for an exhaustive treatment of the consistent in- 
teraction problem while, in the aforementioned works [5-11,13-15], classes of deformation 
candidates were rejected ab initio from the analysis for the sake of simplicity. For example, 
spin-3 cubic vertices containing more than 3 derivatives were not considered in the otherwise 
very general analysis of [6]. This ansatz was too restrictive since another cubic vertex with 
five derivatives exists in dimensions higher than four (it is written explicitly in Appendix B). 
Moreover, without fixing a priori the maximal number of derivatives, we show that vertices 
deforming the gauge algebra must contain a total number of either three or five derivatives.^ 

The paper is organized as follows. In Section 2, we review the free theory of massless 
spin-3 gauge fields represented by completely symmetric rank-3 tensors. Our principal hy- 
potheses are spelled out in Section 3.1 and our main results are collected in Theorems 1 and 
2 presented in Section 3.2. The section 4 gathers together the main BRST results needed 
for the exhaustive treatment of the interaction problem: The BRST spectrum of the theory 
is presented in Section 4.1. Some cohomological results have already been obtained in [24], 
such as the cohomology H*{'-f) of the gauge differential 7 and the so called characteristic 
cohomology H]^{6\d) in antighost number k ^ 2. We recall the content of these groups in Sec- 
tions 4.3 and 4.5. The calculation of the invariant characteristic cohomology HJ^{6\d, H{'~f)) 
constitutes the core of the BRST analysis and is achieved in Section 4.6. The self-interaction 
question is answered in Section 5. We give our conclusions and discuss several directions for 
future research in Section 6. 

^This result is in agreement with the general upper bound fc < si + S2 + S3 on the total number k of 
derivatives in a cubic vertex containing completely symmetric fields of respective spin si, S2 and S3 [15]. 
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2 Free theory 



The local action for a collection {/i^^^p} of non-interacting completely symmetric massless 
spin-3 gauge fields in flat spacetime is [1] 

N 
a=l 

^ d^hld^'h''^ + ^ d^h'^^'d^K"' - 3 df^h^dph^'P^"' ] , (2.1) 

where /i^ := rj'^^h'Jj^^p . The Latin indices are internal indices taking values. They are 
raised and lowered with the Kronecker delta's 6°''' and 6ab- The Greek indices are space-time 
indices taking n values, which are lowered (resp. raised) with the "mostly plus" Minkowski 
metric 77^,^ (resp. r]^'^). 

The action (2.1) is invariant under the gauge transformations 

'5a/^^.p = 3 9(,A".p), r/^^A^. = 0, (2.2) 

where the gauge parameters A"^ are symmetric and traceless^. Curved (resp. square) 
brackets on spacetime indices denote strength-one complete symmetrization (resp. anti- 
symmetrization) of the indices. The gauge transformations (2.2) are abelian and irreducible. 
The field equations read 

l^ = G^'^p = 0, (2.3) 

where 

3 

■= F'^^p - -jpifiuFp) (2.4) 

is the "Einstein" tensor and F^^^ the Fronsdal (or "Ricci" ) tensor 

F%p ■■= Oh%p - 3 d'^d^^K^), + 3 . (2.5) 

The Fronsdal tensor is gauge invariant thanks to the tracelessness of the gauge parameters. 
Because we have 5A'S'o[/i^j,p] = for the gauge transformations (2.2), the Einstein tensor 
Gf,,,. satisfies the Noether identities 

d'G'l^.p - lv,.dPG; ^ (G; := r^G-^^^) (2.6) 



^Quadratic non-local actions [25] have been proposed in order to get rid of the trace constraint (2.2) 
on the gauge parameter. Since locality is an important hypothesis of the present work, we do not discuss 
the non-local formulation here. Notice that by introducing a pure gauge field (sometimes refered to as 
"compensator" ) , it is possible to write a local (but higher-derivative) action for spin-3 [25] that is invariant 
under unconstrained gauge transformations. Very recently, this action was generalized to the arbitrary spin-s 
case by further adding an auxiliary field [26] (see also [27] for an older "non- minimal" version of it). 
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related to the symmetries of the gauge parameters A^^, ; in other words, the Lh.s. of (2.6) is 
symmetric and traceless. 

The gauge symmetries enable one to get rid of some components of /i^^^ , leaving it on- 
shell with A^^ independent physical components, where is the dimension of the irreducible 
representation of the "little group" 0{n—2) {n ^ 3) corresponding to a completely symmetric 
rank 3 traceless tensor in dimension n — 2. One has A'^^ = "^"^"V^""*"^^ ■ course, = 2 
for the two helicity states ±3 in dimension n = 4 . Note also that there is no propagating 
physical degree of freedom in n = 3 since = 0, so that we restrict our present work to 
n>3. 

An important object is the curvature (or "Riemann") tensor [4,19,28] 

which is antisymmetric in afi, (3v , 7p and invariant under gauge transformations (2.2), 
where the gauge parameters A^^, are however not necessarily traceless. 

Its importance, apart from gauge invariance with unconstrained gauge parameters, stems 
from the fact that the field equations (2.3) are equivalent^ to the following equations 

^"^^aH/3H7P = • (2-8) 
This was proved in the work [29] by combining various former results [25,28,30]. 

3 Deformations of the free theory 
3.1 Basic assumptions 

We assume, as in the traditional Noether deformation procedure, that the deformed action 
can be expressed as a power series in a coupling constant g , the zeroth-order term in the 
expansion describing the free theory 5*0 : 

S = S^ + gSi + 0{g^). 

The procedure is then perturbative: one tries to construct the deformations order by order 
in the deformation parameter g . 

Some physical requirements naturally come out: 

• Poincare and parity symmetry: We ask that the deformed Lagrangian be invariant 

under the Pomcare group. Therefore, it should not depend explicitly on the space-time 

^As usual in field theory, we work in a space of smooth functions that vanish at infinity. In particular, 
polynomials in are forbidden. 
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cartesian coordinates {x^}. The Lagrangian is moreover required to be invariant under 
the parity transformation. This imphes that all Greek indices have to be contracted 
by means of the Minkowski metric only. 

• Nontriviality: We reject trivial deformations arising from field-redefinitions that reduce 
to the identity at order : 

^ 0' = + ^ <^(0, d(P, ■■■) + 0{g') . (3.9) 

• Consistency: A deformation of a theory is called consistent if the deformed theory 
possesses the same number of (possibly deformed) independent gauge symmetries, 
reducibility identities, etc., as the system we started with. In other words, the number 
of physical degrees of freedom is unchanged. 

• Locality: The deformed action S[(f)] must be a local functional. The deformations of 
the gauge transformations, etc., must be local functions, as well as the allowed field 
redefinitions. 

We remind the reader that a local function of some set of fields is a smooth function of 
the fields 0* and their derivatives (90*, 9^0*, ... up to some finite order, say k, in the number 
of derivatives. Such a set of variables 0*, d(j)\ d^clf will be collectively denoted by [0*]. 
Therefore, a local function of 0* is denoted by /([0*]). A local p-form (0 ^ p ^ n) is a 
differential p-form the components of which are local functions: 

= ^ oo^,,...^,{x, [<p']) dx^' A ■ ■ ■ A dx^"" . 

A local functional is the integral of a local n-form. 

3.2 Main results 

Theorems 1 and 2 are presented in this Section. They constitute strong yes-go and no-go 
theorems that generalize previous works on spin-3 self-interactions. 

Theorem 1. Let h'^^^p he a collection of spin-?) gauge fields (a = 1, . . . ,N) described by the 
local and quadratic action of Fronsdal, in dimension n > 3. 

At first order in some smooth deformation parameter, the nontrivial consistent local defor- 
mations of the (abelian) gauge algebra that are invariant under parity and Poincare transfor- 
mations, may always be assumed to be closed off-shell and are in one-to-one correspondence 
with the structure constant tensors 

^ be — ch 
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of an anticommutative internal algebra, that may be taken as deformation parameters. 

Moreover, the most general gauge transformations deforming the gauge algebra at first 
order in C = (/, g) are equal to 

hK^p = 3 d^^Kp) + f\c ^1% + g\c (^itp - \ ^(^.^S) + ^(C") , (3-10) 

up to gauge transformations that either are trivial or do not deform the gauge algebra at 
first order, where ^^^^^p '^^^ "^^p ^'^^ bilinear local functions of the gauge field /i^^.^ and the 
traceless gauge parameter A^^,. The expression for $ is lengthy and thus given in the appendix 
A, while 

K% = -I ^°''^[M^a].[.,.]5[pA;p^ + perms , (3.11) 

where a coma denotes a partial derivative^ and "perms" stands for the sum of terms obtained 
via all nontrivial permutations of the indices fi ,u , p from the first term of the r.h.s. 
The structure constant tensors f^bc and g°'hc are some arbitrary constant tensors that are 
antisymmetric in the indices be. In mass units, the coupling constant f°-i,c has dimension 
—n/2 and g^^ has dimension —2 — n/2. 

Both of these deformations exist in any dimension n ^ 5. In the case n = A , the structure 
constant tensor g^-bc vanishes. 

Firstly, we found a deformation of the gauge symmetries (the one corresponding to the 
coefficients g"'bc) which had not been written exphcitly in previous spin-3 analyzes in flat 
space-time. Secondly, without imposing any restriction on the maximal number of derivatives 
(as was implicit in most former works) we prove that the allowed possibilities are extremely 
restricted. 

An important question is whether these algebra deformations can be obtained from an 
appropriate fiat space-time limit of the {A)dSn higher-spin algebras containing a finite- 
dimensional non-Abelian internal subalgebra (studied in details by Vasiliev and collaborators 
[31]). An indication that this might be the case is provided by the deformation of the gauge 
transformations Eq. (3.10) involving the tensor \l/^^p. The presence of the term d^^h^^^^^^ ^-^ 
in (3.11) is reminiscent of the second frame-like connection (see e.g. the second reference 



corresponding to the Young diagram 
sections 4.3 and 5.3. 
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More comments in that direction are given in 



Another important physical question is whether or not these first-order gauge symmetry 
deformations possess some Lagrangian counterpart, i.e. if there exist vertices that are invari- 
ant under (3.10) at first order in C. The following theorem provides a sufficient condition 
for that: 



'For example (f>'^ = da^^ 
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Theorem 2. Let the constant tensor Cabc = ifabcQabc) be completely antisymmetric, where 
Cabc ■■= SadC'^bc ■ Then, 

• The quadratic local action (2.1) in dimension n > 3 admits a first-order consistent 
deformation 

SK,,] = So + fabcS'^''^ + QabcT'^''' + 0(0') , (3.12) 

which is gauge invariant under the deformed gauge transformations (3.10) at first order in 
the deformation parameters. Furthermore, this antisymmetry condition on the tensor f^bc is 
necessary for the existence of the corresponding deformation of the action. 

• The vertices in the first-order deformations are determined uniquely by the structure 
constants fabc one? Qabc, modulo vertices that do not deform the gauge algebra. The corre- 
sponding local functional 5'°'"^ [/i^j.^] and T"'^'^[h'^j^p] are cubic in the gauge field and respec- 
tively contain three and five derivatives. Actually, there are no other nontrivial consistent 
vertices containing at most three derivatives that deform the gauge transformation at first 
order. 

• At second order in C, the deformation of the gauge algebra can be assumed to close 
off-shell without loss of generality, but it is obstructed if and only if fabc 7^ . 

The first-order covariant cubic deformation S'"^a[h'l^,^p] is the Berends-Burgers-van Dam 
vertex [6] (reviewed for completeness in Appendix A) while the other cubic deformation 
T''^a[hfi,up\ is written in Appendix B. We do not know yet if the antisymmetry condition on 
the structure constant g^^ is necessary or not for the existence of a consistent vertex at first 
order. 

It is possible to provide a more intrinsic characterization of the conditions on the constant 
tensors. Let A be an anticommutative algebra of dimension with a basis {Tq} . Its 
multiplication law * : A"^ ^ A obeys a * b = —b * a for any a,b & A, which is equivalent to 
the fact that the structure constant tensor C^bc defined by Tb*Tc = C^bc Ta is antisymmetric 
in the covariant indices: C^bc = —C^cb- Moreover, let us assume that the algebra ^ is a 
Euclidean space, i.e. it is endowed with a scalar product ( , ) : ^ M with respect to 
which the basis {Ta} is orthonormal, {Ta, Tb) = 6ab- For an anticommutative algebra, the 
scalar product is said to be invariant (under the left or right multiplication) if and only 
if {a * b , c) = {a , b * a) for any a,b,c G A, and the latter property is equivalent to the 
complete antisymmetry of the trilinear form 

C : A^ ^R: {a,b,c) ^ C{a,b,c) = {a,b*c) 

or, in components, to the complete antisymmetry property of the covariant tensor Cabc '■= 

Sad C'^bc- 
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The gauge algebra inferred from the Berends-Burgers-van Dam vertex is inconsistent 
at second order [7,9] and no corresponding quartic interaction can be constructed [10]. 
Originally, consistency of the Berends-Burgers-van Dam deformation at second order was 
shown to require that f^ecf^ab = f^aef^bc [9], which means that the corresponding internal 
algebra is associative {a*h) * c = a * {h * c). In Section 5.2.2, we actually obtain a stronger 
condition from consistency: f^ecf^ab = 0, i.e. the internal algebra is nilpotent of order 
three: {a * b) * c = 0. In any case, to derive that the Berends-Burgers-van Dam vertex is 
inconsistent at order two, one may use the following well-known lemma 

Lemma 1. If an anticommutative algebra endowed with an invariant scalar product is asso- 
ciative, then the product of any two elements is zero ( in other words, the algebra is nilpotent 
of order two). 

Proof: Under the hypotheses of Lemma 1, one gets {a * b , b * a) = {a, b * [b * a)) = 
{a , {b * b) * a) = which implies a* b = for any a,b E A. □ 

An exciting result is that the second deformation corresponding to gate = g[abc\ passes the 
gauge algebra consistency requirement where the vertex of Berends, Burgers and van Dam 
fails. Unfortunately, we do not know if there exist second order gauge transformations that 
are consistent at this order. 

The proofs of Theorems 1 and 2 are given in Section 5. They rely on a BRST cohomo- 
logical reformulation presented in the next Section. 

4 BRST settings 

4.1 BRST spectrum and differential 

According to the general rules of the BRST-antifield formalism, a grassmann-odd ghost C^^, 
is introduced, which accompanies each grassmann-even gauge parameter A^^,. In particular, 
it possesses the same algebraic symmetries as AJJ^: it is symmetric and traceless in its 
spacetime indices. Then, to each field and ghost of the spectrum, a corresponding antifield 
(or antighost) is added, with the same algebraic symmetries but the opposite Grassmann 
parity. A Z-grading called ghost number (gh) is associated with the BRST differential s, 
while the antighost number (antigh) of the antifield Z* associated with the field (or ghost) 
Z is given by antigh{Z*) = gh{Z) + 1 . More precisely, in the theory under consideration, 
the spectrum of fields (including ghosts) and antifields together with their respective ghost 
and antighost numbers is given by 

• the fields h'^j^ , with ghost number and antighost number 0; 



9 



• the ghosts C^^, with ghost number 1 and antighost number 0; 

• the antifields h*^'^'', with ghost number —1 and antighost number 1; 

• the antifields C*^'^, with ghost number —2 and antighost number 2 . 

The BRST differential s of the free theory (2.1), (2.2) is generated by the functional 



More precisely, Wq is the generator of the BRST differential s of the free theory through 

sA = {Wo, A)a.b. , 

where the antibracket ( , )a.b. is defined by 

S^A S^B S^A 6^B 



The functional Wq is a solution of the master equation 

{Wo,Wo)a.b.=0. 



(4.13) 



(4.14) 



In the theory at hand, the BRST-differential s decomposes into s = 7 + 5 . The first 
piece 7 , the differential along the gauge orbits, is associated with another grading called 
pureghost number (puregh) and increases it by one unit, whereas the Koszul-Tate differential 
6 decreases the antighost (or antifield) number by one unit. The differential s increases the 
ghost number by one unit. Furthermore, the ghost, antighost and pureghost gradings are 
not independent. We have the relation 



gh = puregh — antigh . 



(4.15) 



The pureghost number, antighost number, ghost number and grassmannian parity of the 
various fields are displayed in Table 1. 



z 


puregh{Z) 


antigh[Z) 


gh{Z) 


parity (mod 2) 
















r^a 


1 





1 


1 


U*pvp 
"'a 





1 


-1 


1 


a 





2 


-2 






Table 1: pureghost number, antighost number, ghost number and parity of the (anti) fields. 
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The action of the differentials 6 and 7 gives zero on all the fields of the formalism except 
in the few following cases: 



scr = -3{d,hr^-\>^''d,hr), 

(4.16) 

4.2 BRST deformation 

As shown in [20], the Noether procedure can be reformulated within a BRST-cohomological 
framework. Any consistent deformation of the gauge theory corresponds to a solution 

W = Wo + gWi + g^W2 + 

of the deformed master equation (PV, W)a.h. = 0. Consequently, the first-order nontrivial 
consistent local deformations Wi = J a""'^ are in one-to-one correspondence with elements 
of the cohomology d) of the zeroth order BRST differential s = (Wq, ■) modulo the 

total derivative d , in maximum form-degree n and in ghost number . That is, one must 
compute the general solution of the cocycle condition 

sa"'° + rf6"-i'^ = 0, (4.17) 

where a"'° is a top-form of ghost number zero and b^~^'^ a, [n — l)-form of ghost number one, 
with the understanding that two solutions of (4.17) that differ by a trivial solution should 
be identified 

a ~ a + sp + uq 

as they define the same interactions up to field redefinitions (3.9). The cocycles and cobound- 
aries a, b,p,q, . . . are local forms of the field variables (including ghosts and antifields). 
The corresponding second-order interactions W2 must satisfy the consistency condition 

sW2 = -^iWuW,)a.b.. 

This condition is controlled by the local BRST cohomology group H^'^{s\d). 

4.3 Cohomology of 7 

In the context of local free theories in Minkowski space for massless spin-s gauge fields 
represented by completely symmetric (and double traceless when s > 3) rank s tensors. 
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the groups H*{'-f) have recently been calculated [24]. Accordingly, we only recall the latter 
results in the special case s = 3 and introduce some new notations. 

Proposition 1. The cohomology of is isomorphic to the space of functions depending on 

• the antifields h^^'^P, C*^'^ and their derivatives, denoted by [$**] , 

• the curvature and its derivatives \K"' ,„ , 1 , 

• the symmetrized derivatives d^^^ . . . d^^F^^^^^ of the Fronsdal tensor, 

• the ghosts C^^ and the traceless parts of d^^C^^^ and d^^C^^^^^y 
Thus, identifying with zero any •j-exact term in H{'j), we have 

7/ = 

if and only if 

where {Fj^^^p} stands for the completely symmetrized derivatives d^^^ . . . d^^F'^^^-^ of the Frons- 
dal tensor, while T^^^^ denotes the traceless part of T^^^^ := d^^C^^^ and U^^^^^ the traceless 

This proposition provides the possibility of writing down the most general gauge-invariant 
interaction terms. Such higher-derivative Born-Infeld-like Lagrangians were already consid- 
ered in Ref. [12]. These deformations are consistent to all orders but they do not deform 
the gauge transformations (2.2). Also notice that any function of the Fronsdal tensor or its 
derivatives corresponds to a field redefinition. 

Let {uj^} be a basis of the space of polynomials in the C^^, T^^^^ and U^^^^^ (since these 
variables anticommute, this space is finite-dimensional). If a local form a is 7-closed, we 
have 

7a = ^ a = «,([$"], [i^],m)c^'(C';,,f,"^|,,^„"^I^J+7fc, (4.18) 

If a has a fixed, finite ghost number, then a can only contain a finite number of antifields. 
Moreover, since the local form a possesses a finite number of derivatives, we find that the 
aj are polynomials. Such a polynomial aj([$"], [K], {F}) will be called an invariant poly- 
nomial. 

Remark 1: Because of the Damour-Deser identity [28] 

0/3 T/' — 9 r) F 
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the derivatives of the Fronsdal tensor are not all independent of the curvature tensor K. 
This is why, in Proposition 1, the completely symmetrized derivatives of F appear, together 
with all the derivatives of the curvature K. However, from now on, we will assume that every 
time the trace r]"''^Kaij,\f3u\'yp appears, we substitute 2d[^Fp^^^ for it. With this convention, we 
can write q;j([$**], [K], [F]) instead of the unconvenient notation aj([<I>**], [K], {F}). 

Remark 2: It is possible to make a link with the variables occurring in the frame-like 
first-order formulation of free massless spin-3 field in Minkowski space-time [32]. There, the 
spin-3 field is represented off-shell by a frame-like object e^|afe, symmetric and traceless in 
the internal indices {a,b). The spin-3 connection uj^\h\aia2 is traceless in the internal Latin 
indices, symmetric in (01,02) and obeying uj^\{b\aia2) = 0. The gauge transformations are 
Se^lab = d^^ab + a/.|afe, 5tU/.|fe|aia2 = df,ab\aia2 + ^^i\b\ala2, wherc the parameter ^ab is symmetric 
and traceless in (a, 6), the generalized Lorentz parameter a^i^fe is completely traceless, sym- 
metric in (a, b) and satisfies the identity a(^^\ab] = 0. Finally, the parameter S^|a|fec transforms 
in the o{n — 1, 1) irreducible representation associated with the Young tableau , in the 
manifestly symmetric convention. By choosing the generalized Lorentz parameter appropri- 
ately, it is possible to work in the gauge where the frame-field e^\ab is completely symmetric, 
Gfi\ab = ^{fi\ab) = h^ab- Then, it is still possible to perform a gauge transformation with pa- 
rameters a^\ab and ^ab, provided the traceless component of d[^^a]b be equal to —a[fj,\a]b- The 
traceless component of d[^^a]b is nothing but the variable T^a\i3 in the BRST conventions. 
Furthermore, in the L5 formalism where the connection is still present in the action, but 
viewed as a function of e^i^jaj, consistency with the "symmetric gauge" e^|afe = e(^^\ab) = h^ab 
implies that the traceless component of the second derivative d[a^b][c,ij] be entirely determined 
by S^|f,|ac- The traceless component of ^[aib][c,^l] is the variable Uapi-yfi in the BRST language. 
The relations T^qI/j < — > «^|afe and Uai3\-yfj. < — > ^fj.\b\ac are now manifest (note the we work 
in the manifestly antisymmetric convention, as opposed to the choice made in [32]). The 
variables {C^,y,Tf^a\i3iUaf^\^fi} G H{'y) in the ghost sector are in one-to-one correspondence 
with the gauge parameters {C,f_lu,c^^l\ab,^^l\b\ac} of the first-order formalism [32]. 



4.4 Invariant Poincare lemma 

We shall need several standard results on the cohomology of d in the space of invariant 
polynomials. 

Proposition 2. In form degree less than n and in antifield number strictly greater than 0, 
the cohomology of d is trivial in the space of invariant polynomials. That is to say, if a is 
an invariant polynomial, the equation da = with antigh{a) > implies a = d(3 where (3 is 
also an invariant polynomial. 
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The latter property is rather generic for gauge theories (see e.g. Ref. [22] for a proof), as 
well as the following: 

Proposition 3. If a has strictly positive antifield number, then the equation + db = is 
equivalent, up to trivial redefinitions, to 'ja = 0. More precisely, one can always add d-exact 
terms to a and get a cocycle a' := a + do of 'j, such that ja' = 0. 

Proof: Along the lines of Ref. [22], we consider the descent associated with 'ja + db = 0: 
from this equation, one infers, by using the properties 'y^ = 0, '-fd + d'-f = and the triviality 
of the cohomology of d, that --fb + do = for some c. Going on in the same way, we build a 
"descent" 

'ya + db = 
'yb + dc = 
'yc + de = , 

; (4.19) 
7m + dn = , 
7?T, = . 

in which each successive equation has one less unit of form-degree. The descent ends with 
7?7, = either because n is a zero-form, or because one stops earlier with a 7-closed term. 
Now, because n is 7-closed, one has, up to trivial, irrelevant terms, n = ajW^ . Inserting this 
into the previous equation in the descent yields 

d{aj)uj-' ±ajduj-^ + -^m = Q. (4.20) 

In order to analyse this equation, we introduce a new differential. 

Definition (differential D): The action of the differential D on /i^^^, h*^^"'', C*^'^ and all 
their derivatives is the same as the action of the total derivative d, but its action on the 
ghosts is given by : 

4 

D{dp,...p,Cp) = if t^2. (4.21) 
The above definitions follow from 

dpTpa\P = —-l{.d[ahp\f3p) + Ufj_a\pP-, 

dpU^^\^p = ^7(<9[^^a]p[/3,H) • (4-22) 
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The operator D thus coincides with d up to 7-exact terms. 

It follows from the definitions that Du"' = A"^ ju' for some constant matrix A'^ j that 
involves dx'^ only. One can rewrite (4.20) as 

d{aj)u;-^ ±ajDu;-^ +-fm =0 (4.23) 
^ ' 

= {daj ± aj 

which implies, 

d{aj)uj-^ ± ajDu-^ = (4.24) 

since a term of the form PjiV^ (with /5j invariant) is 7-exact if and only if it is zero. It is 
also convenient to introduce a new grading. 

Definition (D-degree): The number of Tq^i^^'s plus two times the number of Ua^\pyS is 
called the -D-degree. It is bounded because there is a finite number of Ta^\yS and Uafi\i3uS, 
which are anticommuting. The operator D splits as the sum of an operator Di that raises 
the D-degree by one unit, and an operator Dq that leaves it unchanged. Dq has the same 
action as d on h^^p, h*'^'^^, C**"^ and all their derivatives, and gives when acting on the 
ghosts. Di gives when acting on all the variables but the ghosts on which it reproduces 
the action of D. 

Let us expand (4.20) according to the Z?-degree. At lowest order, we get 

daj^ = (4.25) 

where Jq labels the u'^ that contain no derivative of the ghosts {Dlv^ = Diuj^ contains at 
least one derivative). This equation implies, according to Proposition 2, that aj^ = d(3jQ 
where is an invariant polynomial. Accordingly, one can write 

= d{(3j^u-^°) T (3joDuj-^° + 7-exact terms. (4.26) 

The term (3jgDuj'^° has D-degree equal to 1. Thus, by adding trivial terms to the last term 
n{= ajui"^) in the descent (4.19), we can assume that it does not contain any term of D- 
degree 0. One can then successively remove the terms of D-degree 1, D-degree 2, etc, until 
one gets n = 0. One then repeats the argument for m and the previous terms in the descent 
(4.19) until one gets 6 = 0, i.e., 7a = 0, as requested. □ 

4.5 Cohomology of 6 modulo d: H'j!{5\d) 

In this section, we review the local Koszul-Tate cohomology groups in top form-degree and 
antighost numbers k ^ 2. The group HP{6\d) describes the infinitely many conserved 
currents and will not be studied here. 

Let us first recall a general theorem (Theorem 9.1 in [33]). 
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Proposition 4. For a linear gauge theory of reducibility order r, 

H'^[5\ d) = 0forp>r + 2. 

Since the theory at hand has no reducibihty, we are left with the computation of (^1 ^) ■ 
The cohomology (^1 d-) is given by the following theorem. 

Proposition 5. A complete set of representatives of H2{S\d) is given by the antifields C^^^ , 
up to explicitly x-dependent terms. In detail, 



+ dbl 
~ a\ 



n-l 



0, 



+ bbl + d\)\ 



n.-l 



a? ~ a" + bcV, + dc^^ 



tensors A";,,i„ and B°'„,i„^. Moreover, the tensors A",^,^ and B'^^^^^^^ transform in the irreducible 



and 



The constant tensor A^j, is symmetric and traceless in the indices /xz/, and so are the constant 

representations of GL{n,M.) labeled by the Young tableaux 

0, 

5(HpV = 0. (4.27) 
Together with the tracelessness constraints on the constant tensors A"^^^^ and B'^^,,_, the 



/i 









/i 


V 


p 


o 



, meaning that 



AO- , 

fiv\p(j 



/1« , 

-"'up\p ; 

rya 

up,\pa 



"^{pulp) = 
pv\ap ' 



liu\pa' 



Gl{n,'R.) irreducibility conditions written here above imply that the tensors A^^,, A'^^,,,„ and 
B" 

pv\pc 

Young tableaux \P\i^\ , 



put "pu\p 

respectively transform in the irreducible representations of 0{n — 1, 1) labeled by the 



p 


iy\ 







and 



p 


V 


p 


o 



The proof of Proposition 5 in the general spin-s case has been given in Ref. [24] (see also 
[34]). The spin-3 case under consideration was already written in Ref. [35]. 



4.6 Invariant cohomology of b modulo d\ (£) 

We have studied above the cohomology of 5 modulo d in the space of arbitary local functions 
of the fields /i^^^p, the antifields and their derivatives. One can also study H'^{b\d) in 
the space of invariant polynomials in these variables, which involve /i^^^ and its derivatives 
only through the curvature the Fronsdal tensor F, and their derivatives (as well as the 
antifields and their derivatives). The above theorems remain unchanged in this space, i.e. 
H'^'^™{b \ d) = ioT k > 2 . This very nontrivial property is crucial for the computation of 
if"''°(s| d) and is a consequence of 

Theorem 3. Assume that the invariant polynomial (p = form-degree, k = antifield 
number) is 6-trivial modulo d, 

al = 6f,l^, + df,l-' {k^2). (4.28) 

Then, one can always choose fil._^_i and f/fT^ to be invariant. 
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To prove the theorem, we need the following lemma, a proof of which can be found e.g. 
in [22]. 

Lemma 2. If a is an invariant polynomial that is 6-exact, a = 6b, then, a is 6-exact in the 
space of invariant polynomials. That is, one can take b to be also invariant. 

The next two subsections are devoted to the proof of Theorem 3. 
4.6.1 Propagation of the invariance in form degree 

We first derive a chain of equations with the same structure as (4.28) [36]. Acting with d on 
(4.28), we get da^ = — Using the lemma and the fact that (ia^ is invariant, we can 
also write da^ = —6a^'^\ with a|^^ invariant. Substituting this into da^ = —ddjj^^^, we get 
5 [o'k+i ~ '^/^fc+i] = 0- As is trivial in antifield number > 0, this yields 

<\ = Sf^lXl + df^U (4.29) 

which has the same structure as (4.28). We can then repeat the same operations, until we 
reach form- degree n, 

a'^k+n-p = + dfik+Lp- (4-30) 

Similarly, one can go down in form-degree. Acting with 6 on (4.28), one gets 6a^ = 
—d{6fil~'^). If the antifield number k — 1 of 60^ is greater than or equal to one (i.e., k > 1), 
one can rewrite, thanks to Proposition 2, Sa^ = —da^Zi where alZ\ is invariant. {If k = 1 we 
cannot go down and the bottom of the chain is (4.28) with k = 1, namely a[ = 6jj^2~^djjl~^.) 
Consequently d [a^Ti — ^l-''k~^] = and, as before, we deduce another equation similar to 
(4.28) : 

al-_\ = 6f,l-' + df,l-_\. (4.31) 

Applying 6 on this equation the descent continues. This descent stops at form degree zero 
or antifield number one, whichever is reached first, i.e., 

either al_p = 6fil_p^^ 
or = 5//^'=+' + dfi{-\ (4.32) 

Putting all these observations together we can write the entire descent as 

^k+n-p ~ ^ l^k+n-p+l + '^A'-fc+n-p 



al = Sfxl^^ + dfj.1-^ 
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6fil~''^^ + dfi^-^ (4.33) 

where all the a^^* are invariants. 

Let us show that when one of the /I's in the chain is invariant, we can actually choose 
all the other /I's in such a way that they share this property. In other words, the invariance 
property propagates up and down in the ladder. Let us thus assume that fil~^ is invariant. 
This appears in two equations of the descent : 

atl = Sf^l' + df^tl (4.34) 

(if we are at the bottom or at the top, occurs in only one equation, and one should 
just proceed from that one). The first equation tells us that Sfi^^^^ is invariant. Thanks to 
Lemma 2 we can choose fil^^ to be invariant. Looking at the second equation, we see that 
dfxlZi is invariant and by virtue of Proposition 2, /i^I^ can be chosen to be invariant since 
the antifield number b is positive. These two /I's appear each one in two different equations 
of the chain, where we can apply the same reasoning. The invariance property propagates 
then to all the yu's. Consequently, it is enough to prove the theorem in form degree n. 

4.6.2 Top form degree 

Two cases may be distinguished depending on whether the antifield number k is greater than 
n or not. 

In the first case, one can prove the following lemma: 

Lemma 3. If is of antifield number k > n, then the "fi"s in (4-28) can be taken to be 
invariant. 

Proof for k > n : If k > n, the last equation of the descent is a°_„ = 6fi1_^^^. We can, 
using Lemma 2, choose invariant, and so, all the /x's can be chosen to have the same 

property. □ 

It remains therefore to prove Theorem 3 in the case where the antifield number satisfies 
k ^ n. Rewriting the top equation (i.e. (4.28) with p = n) in dual notation, we have 

ak = 5b,+i + dpf„ {k ^ 2). (4.35) 



either al 



or Oi 



k—p 
p-~k+l 
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We will work by induction on the antifield number, showing that if the property expressed 
in Theorem 3 is true for k + 1 (with k > 1), then it is true for k. As we already know that 
it is true in the case k > n, the theorem will be proved. 

Inductive proof for k ^ n : The proof follows the lines of Ref. [36] and decomposes in 
two parts. First, all Euler-Lagrange derivatives of (4.35) are computed. Second, the Euler- 
Lagrange (E.L.) derivative of an invariant quantity is also invariant. This property is used to 
express the E.L. derivatives of ak in terms of invariants only. Third, the homotopy formula 
is used to reconstruct ak from its E.L. derivatives. This almost ends the proof. 

(i) Let us take the E.L. derivatives of (4.35). Since the E.L. derivatives with respect to 
the C* commute with 6, we get first : 



5V 



(4.36) 



al3 



'fc+i 



with Zj^^^ 
direct computation. 



For the E.L. derivatives of bk+i with respect to h*^^^^ we obtain, after a 



up) 
k-V 



(4.37) 



where X'^^'' 
fields. We get : 



Finally, let us compute the E.L. derivatives of with respect to the 



5h 



(4.38) 



pvp 



where Yj^^^ 



•k + l 



Shu 



and ^^"^^l"^T((9) is the second-order self-adjoint differential operator 



appearing in the equations of motion (2.3): 



The hermiticity of G implies ^/^^^l"/^^ = ^°/57Im^p. 

(ii) The E.L. derivatives of an invariant object are invariant. Thus, 
Therefore, by Lemma 2 and Eq. (4.36), we have also 



5^- 



SC' 



is invariant. 



5V 
SC. 



(4.39) 



a/3 



for some invariant Z'j°f^. Indeed, let us write the decomposition Z"'^ 



7'a/3 I r^< 

k-1 ~ ^k-1 "I" 



Tap 



where 



Z^f]^ is obtained from Z^^^ by setting to zero all the terms that belong only to H{^). The 



7al3 
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latter operation clearly commutes with taking the 6 of something, so that Eq. (4.36) gives 
= which, by the acyclicity of 6, yields ^ = Sa'^^ where can be chosen to be 

traceless. Substituting + Z',^f-^ for Z'j^^-^ in Eq. (4.36) gives Eq. (4.39). 
Similarly, one easily verifies that 



5^ 



-bX'^'P + 39(^Z;i^J , (4.40) 



where X^'^" = X'^'''' + 39(^^7^ + ^p^^^. Finally, using ^'^^"^^j^ d^'^a^^\ = due to the gauge 
invariance of the equations of motion [aap has been taken traceless), we find 

^ = + Q''''o.,,xf' (4.41) 

for the invariants X'^'^^ and Y^'^f. Before ending the argument by making use of the homo- 
topy formula, it is necessary to know more about the invariant Y^'^f. 

Since is invariant, it depends on the fields only through the curvature K, the Fronsdal 
tensor and their derivatives. (We remind the reader of our convention of Section 4.3 to 
substitute 2d[^Fp]^i, for t]'^^ Kap\f3y\'yp everywhere.) We then express the Fronsdal tensor in 
terms of the Einstein tensor (2.4): F^^p = G^^p — ^Ti(^p^Gp), so that we can write = 
Ofc ([$**], [K], [G]) , where [G] denotes the Einstein tensor and its derivatives. We can thus 
write 

= g^^Pap.A'f^ + d^d^d.M'f^'^'' (4.42) 

" '''pup 



where 



/I I, lA. 



5Gal3^ 

and 



" ■'^ ap\l3v\'^ p 

are both invariant and respectively have the same symmetry properties as the "Einstein" 
and "Riemann" tensors. 

Combining Eq. (4.41) with Eq. (4.42) gives 

5Yll\P = d^dpd.M'f"^^" + g^'P^p.B'f^ (4.43) 

with := A''^^"' — X''^^"' . Now, only the first term on the right-hand-side of Eq. (4.43) 

is divergence-free, 9^ (Sq^^M'^^'^'^ '''''') = 0, not the second one which instead obeys a relation 



analogous to the Noether identities (2.6). As a result, we have 5 dp(Y"^'^^ — ^ri'^^Y 
where Y"j^_^_-^ = rjupY'^_^^ . By Lemma 2, we deduce 



0, 



dp^yZ - Iv'^Y'l^,) + SF'Z2 = , (4.44) 
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where -^'^+2 is invariant and can be chosen symmetric and traceless. Eq. (4.44) determines 
a cocycle of HJ^^l{d\5), for given u and p. Using the general isomorphisms H^^l{d\5) = 
= (A; ^ 1) [33] gives 

YTA - ^'^'y'Ur = do^TZt' + SPr^l , (4.45) 

where both T'^'^^^'' and -P^^2 invariant by the induction hypothesis. Moreover, T^!^^^^ 
is antisymmetric in its first two indices. The tensors T^^^^'^ and -P^^2 both symmetric- 
traceless in (i^, p). This resuhs easily from taking the trace of Eq. (4.45) with rjyp and using 
the general isomorphisms HJ^-^{d\S) ^ HJ^-^{S\d) ^ HJ^+si5\d) ^ [33] which hold since k 
is positive. From Eq. (4.45) we obtain 

YT:, = d.iT^A^' + ^V^'T^i',] + + ^V^'PU , (4.46) 

where T^_['{ = rj^pT'^'^^^ and -P^^_2 = flvpPk+2 ■ Since Ylj^f is symmetric in /i and we have 
also a.[T,"|f + ^T^i^r/^^l + ^[Pi^t + ih^'^'PkU = 0. The triviality of H^^M^) 
{k > 0) implies again that {pI^^^^ + ^V^^^PkU) and (T^j';'^'^ + ;7^T°j'{'r/H'') are trivial, in 
particular, 

T^iT" + -l^T.^lfr/'^]^ = a^^f^l'^^l" + (5Q^f/ (4.47) 

where S^'^^l"^^'' is antisymmetric in (/3, a) and (/i, z/). Moreover, it is traceless in p, z/, p as the 
left hand side of the above equation shows. The induction assumption allows us to choose 
^f^l'^"!^ and Q'^ll" invariant. We now project both sides of Eq. (4.47) on the symmetries 
of the Weyl tensor. For example, denoting by W^}^-!^^"'^ the projection VV^,^,",|^,S'f"^''^ of 
Sk+i'^^'^j we have 

As a consequence of the symmetries of T^^j'"'', the projection of Eq. (4.47) on the symmetries 
of the Weyl tensor gives 

= + 6{. . .) (4.48) 

where we do not write the (invariant) 5-exact terms explicitly because they play no role 
in what follows. Eq. (4.48) determines, for given (/x, z/, a,p), a cocycle of HJ^^l(d\5, H{'j)). 
Using again the isomorphisms [33] HJ!^l{d\S) = if"_^2(^M) — (/c ^ 1) and the induction 
hypothesis, we find 
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where (fl!^'^'^ is invariant, antisymmetric in (7, (3) and possesses the symmetries of the Weyl 
tensor in its last four indices. The 5-exact term is invariant as well. Then, projecting the 
invariant tensor 40^(^'("^'"'' on the symmetries of the curvature tensor K'^P\i^'^\°'P and calling 
the result v|/^^'|"''"'' which is of course invariant, we find after some rather lengthy algebra 
(which takes no time using Ricci [37]) 

Y^:, = d^dpd.^'lf.'^'" + g^^'' o.p,X'^^\+i + K ■ ■) , (4.50) 

with 

where y^J^ = ^(a^^j projects on completely symmetric rank-3 tensors, 
(iii) We can now complete the argument. The homotopy formula 

{th,th*,tC*) (4.52) 

enables one to reconstruct from its E.L. derivatives. Inserting the expressions (4.39)-(4.41) 
for these E.L. derivatives, we get 

au = 5[j\t \Cl^Zt\ + hr,.^X'r + Vp^TiI (^) ) + (4-53) 

The first two terms in the argument of 8 are manifestly invariant. To prove that the third 
term can be assumed to be invariant in Eq. (4.53) without loss of generality, we use Eq. 
(4.50) to find that 

+ + dpF + 6{. . .) , 

where we integrated by part thrice to get the first term of the r.h.s. while the hermiticity of 
g^iupla/B-r ^g^g ^gg(j obtain the second term. 

We are left with = 6fik+i + dpU^ , where fik+i is invariant. That can now be chosen 
invariant is straightforward. Acting with 7 on the last equation yields dp{'~fi'^) = . By 
the Poincare lemma, 71^^ = dcrirl^"^) . Furthermore, Proposition 3 on -^(7] d) for positive 
antighost number k implies that one can redefine by the addition of trivial (i-exact terms 
such that one can assume 7//^ = . As the pureghost number of vanishes, the last 
equation implies that is an invariant polynomial. □ 



dt 



'■'"'pvp 
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5 Computation of deformations 



As explained in Section 3.1, nontrivial consistent interactions are in one-to-one correspon- 
dance with elements of //"'"^(slrf), i.e. solutions a of the equation 

sa + db = 0, (5.54) 

with form-degree n and ghost number zero, modulo the equivalence relation 

a a + sp + dq . 

Quite generally, one can expand a according to the antifield number, as 

a = ao + ai + a2 + . . . ttk , (5.55) 

where a, has antifield number i. The expansion stops at some finite value of the antifield 
number by locality, as was proved in [36]. 

Let us recall [21] the meaning of the various components of a in this expansion. The 
antifield-independent piece ao is the deformation of the Lagrangian; ai, which is linear in 
the antifields h*^'^'', contains the information about the deformation of the gauge symmetries, 
given by the coefficients of h*'^'^^; 02 contains the information about the deformation of the 
gauge algebra (the term C*CC gives the deformation of the structure functions appearing 
in the commutator of two gauge transformations, while the term h*h*CC gives the on-shell 
closure terms); and the [k > 2) give the informations about the deformation of the higher 
order structure functions and the reducibility conditions. 

In fact, using the previous cohomological theorems and standard reasonings (see e.g. 
[22]), one can remove all components of a with antifield number greater than 2. The key 
point is that the invariant characteristic cohomology H^'^^^ {6\d) controls the obstructions to 
the removal of the term from a and that all H^'^"'^ {S\d) vanish for k > 2 hj Proposition 
4 and Theorem 3. This proves the first part of the following theorem: 

Theorem 4. Let a be a local top form which is a nontrivial solution of the equation (5.54)- 
Without loss of generality, one can assume that the decomposition (5.55) stops at antighost 
number two, i.e. 

a = ao + ai + a2 . (5.56) 

// the last term 02 is parity and Poincare invariant, then it can always be written as the 
sum of 

2 b b 3 b /3 

= f"' bcC J^" {T ^^^pT^^t^p — 2T^q|^T^^|^ ~'~ 2 ^ " ^tia\v(3) d'^^ (5.57) 

and 

4 = 9\c Crul^pxU^aifsx d'^x , (5.58) 
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where f^bc (ind g'^^c are some arbitrary constant tensors that are antisymmetric under the 
exchange of b and c. Notice that a\ vanishes when n = 4 . 

This most general parity and Poincare invariant expression for a2 is computed in Section 
5.1. 

Let us note that the two components of a2 do not contain the same number of derivatives: 
02 and a2 contain respectively two and four derivatives. This implies that and lead 
to Lagrangian vertices with resp. three and five derivatives. The first kind of deformation 
(three derivatives) was studied in [6], however the case with five derivatives has never been 
considered before. 

Similarly to (5.56), one can assume b = bo + bi . Inserting the expansions of a and b into 
(5.54) and decomposing s as s = 6 + •y yields 

7ao + 5ai + dbo = , (5.59) 
'jai + 6a2 + dbi = , (5.60) 
702 = 0. (5.61) 

The general solution of (5.61) is given by Proposition 1. The computation of 02 follows from 
the results obtained in Sections 4.4-4.6, applied to the equation (5.60). 

Another consequence of the different number of derivatives in a"^ and is that the de- 
scents associated with both terms can be studied separately. Indeed, the operators appearing 
in the descent equations (5.59)-(5.61) are all homogeneous with respect to the number of 
derivatives, which means that one can split a into eigenfunctions of the operator counting 
the number of derivatives and solve the equations separately for each of them. In the sequel 
we thus split the analysis: the descent starting from is analysed in Section 5.2, while the 
descent associated with is treated in Section 5.3. 

5.1 Most general term in antighost number two 

The equation (5.61) implies that, modulo trivial terms, 02 = aju^ , where ai is an invariant 
polynomial and the {uj^} provide a basis of the polynomials in C^^,T^,yp, U^j_yp„ (see Section 
4.3). Let us stress that, as 02 has ghost number zero and antifield number two, uj^ must 
have ghost number two. 

Acting with 7 on (5.60) and using the triviality of d, one gets that fei should also be an 
element of H{'~f), i.e., modulo trivial terms, 61 = jSjUj' , where the /?/ are invariant polynomi- 
als. 

Let us further expand 02 and 61 according to the D-degree defined in the proof of Propo- 
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sition 3 in Section 4.4 : 

MM MM 
i=0 i=0 i=0 i=0 

where 03, b\ and uj^'- have D-degree i. The equation (5.60) then reads 

i i 

or equivalently 

■t i i 

where A^/_^_^uj^^+'^ = Duj^\ which imphes 

5[a,J+Do[/3/J+/5/._,A;;-=0 (5.62) 

for each D-degree i, as the elements of the set {uj^} are hnearly independent nontrivial 
elements of H {'-)). 

D-degree decomposition: 

• degree zero : In D-degree 0, the last equation reads 5[a/o] + -Do[/5/o] = 0, which 
implies that a/g belongs to H2{5\d). In antifield number 2, this group has nontrivial 
elements given by Proposition 5, which are proportional to C*^'^ . The requirement of 
translation- invariance restricts the coefficient of C*'^'' to be constant. Indeed, it can be 
shown [39] that if the Lagrangian deformation is invariant under translations, then so 
are the other components of a. On the other hand, in D-degree and ghost number 2, 
we have 0;^° = C^^pCl^. To get a parity and Lorentz-invariant 0°, uj^° must be completed 
by multiplication with C*^*^ and some parity-invariant and covariantly constant tensor, 
i.e. a product of r/^jy's. The only that can be thus built is = C*^'^ C^pC^^ fl^^d"'x , 
where /^^ is some constant tensor that parametrizes the deformation. From this ex- 
pression, one computes that 6° = pj^u^" = -3 (/i*'^''" - jiV'"'hT)C^^pC^''fbc * (d^a) , 
where *{dxa) = ■^^£a,ii...t^„-idx>'' . ..dx^^-\ 

• degree one : We now analyse Eq.(5.62) in D-degree 1, which reads 

5[ai,]+D^[Pj,]+Pi,A\\ = Q. (5.63) 

The last term can be read off f3i^A\y^^ oc {hl^"''' - ir/'^^/i*°)/^"^rf"x , and 

should be (5-exact modulo Dq for a solution of (5.63) to exist. However, the coefficient 
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of ^q(^|p)C'^'^ is not 6-exact modulo Dq. This is easily seen in the space of x-independent 
functions, as both 6 and -Do bring in one derivative while the coefficient contains none. 
As is allowed to depend explicitely on x^, the argument is actually slightly more 
complicated: one must expand according to the number of derivatives of the fields 
in order to reach the conclusion. The detailed argument can be found in the proof 
of Theorem 7.3 in Ref. [38]. As (3jqA^j° is not 5-exact modulo Dq, it must vanish if 
(5.63) is to be satisfied. This implies that /^^ vanishes, so that = and = . 
One thus gets that a/^ is an element of H2{S\d). However, there is no way to complete 
it in a Poincare-invariant way because the only uj^'^ is cj^^ = T^^^^C'^f^, which has an 
odd number of Lorentz indices, while a/j oc C*^'^ has an even number of them. Thus 
4 = = h\. 

degree two : The equation (5.62) in Z)-degree 2 is then 5[ai^ + Dq[I3i^ = 0, which 
implies that a/j belongs to H2{S\d). One finds, most generally when n > 3, that 

"2 — '-^a {''- fj.alP''' u J[bc] ~^ fialp-'-u y[fec] + ^ fia\u(3Hc)"' ^ i 

t2 _ _0 (l,*fJ.i^P _ }^^tJ.i^l.*P\('rb ffca\l3 fa , J^b j^cP\a a . pbapfjc h'^\j^(rl^-\ 
"l — -J l^-a ~V '''a )\^ ^la\(3^u I[bc\ + ^la\|3-'- ,^ 9[bc]+'-' ^ ^la\v|3'^bc) * p) ^ 

where /j^^j, (^j^^] and k^^ are three a priori independent constant tensors, 
degree three : Now, in the equation for we have 



which implies, when n > 3, that g^^^^-^ = —2 /^^^j and k^^ = | /j'^^j , since the coefficients 



of U'^ ~ nTy""^^ and U^a\o3'^f^°'^^ ^'^^ 5-exact modulo -Do • All this proves Equation 



(5.57), which is the expression found here modulo trivial terms. Provided that the 
above conditions are satisfied, aj.^ must be in H2{S\d). But no Poincare-invariant 
can be built because ui^^ = T^a\p^up\(TT '^^^ number of Lorentz indices, so 03 = 0. 

• degree four : Repeating the same arguments for a|, one gets a\ = g"'bcC*'^'^ 
U^pxUT^^^d-x and h\ = -3 {h*r>' - iv'"" KP)Ul^^pJjT^^^ gl * {dx,) , for some con- 
stant structure function g^^. It is important to notice that vanishes in dimen- 
sion n = 4 because of the Schouten identity = C*'''U^ .''^"'U" '^^'^^s]^' . . . 6^'} oc 
(-Y*Ati/fjb^^^^fjCQ!|/3A ^ condition is imposed on g^^ by equations in higher -D-degree 
because Dibf = 0. This proves Equation (5.58). 

• degree > 4 : Finally, there are no for i > A because there is no ghost combination 
u^^ of ghost number two and -D-degree higher than four. 

Summarizing, we have proved the second part of Theorem 4. 
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5.2 Berends— Burgers— van Dam's deformation 

In this section, we consider the deformation related to given by (5.57). As explained 
above, a2 = a\ must now be completed into a solution a of sa + dfe = by adding terms with 
lower antifield number. The complete solution a provides then the first-order deformation 
term Wi = J a of an interacting theory. The next step is to check that higher order terms 
W3, etc. can be built to get the full interacting theory. 
In the case considered here, we show that a first-order interaction term Wi can be con- 
structed; however, there is an obstruction to the existence of W2, which prevents its comple- 
tion into a consistent interacting theory. 

5.2.1 Existence of a first-order deformation 

In this section, the descent equations (5.59) and (5.60), i.e. 700 + Sai + dbo = and 
7ai + 6a2 + dhi = 0, are solved for ai and Cq. 

The latter of these equations admits the particular solution 



n 

To this particular solution, one must add the general solution di of 701 + dhi = , or 
equivalently (by Proposition 3) of 7ai = 0. In ghost number zero, antifield number one and 
with two derivatives, this solution is, modulo trivial 5-, 7- and (i-exact terms, 

- L,*a /^b 111/ /^cprril , i *a/^b fj,u 72 , r^*afj,/^b /^cupi3 

'^1 — 'T'tiup'^a ''{ab)c + ""^j '^u'-^ ''{ab)c + p.up'^ ''abc ' 

where /(^j),,, Ilah)c ^^"^ ^afec some arbitrary constants. For future convenience, we also add 
to a\ + di the trivial term 761 where 

= f^Jil^^p{-hi^'"'^d''hZr - 2h}'>"'^d„h''''P + 3h''''d''h'P - 3/1^9^/1^^"" + 2hl&'h^'"'P) 

+fabch*;{2h"''''d,h''p - h'^^'-Pd'^hlp^ + ^h^'d'^K - Ihlp^d'^h^'^P- + Qhldph'^^'P) . 

In short, up to trivial terms, the most general ai, solution of 701 -|- 5a2 + dhi = 0, is 
ai = al + di + 761 . 

The next step is to find Oq such that 709 + Sai + dbo = . A cumbersome but straight- 
forward computation shows that necessary (and, as we will see, sufficient) conditions for a 
solution oq to exist are (i) /j^^j is totally antisymmetric, or more precisely Sadffhc] ~ f[abc], (h) 
^{ab)c ~ ^fab)c ~ ^ i^^^) ^abc = ~|/[a6c] • This computatiou foUows the lines of an argument 
developped in [22], which considers the most general ao and matches the coefficients of the 
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terms with the structure Ch'h', where h' denotes the trace of h. In four dimensions, one must 
take into account that some of these terms are related by Schouten identities; however, this 
does not change the conclusions. Once the conditions (i) to (iii) are satisfied, one can explic- 
itly build the solution ag, which corresponds to the spin-3 vertex found in [6] in which the 
structure function fate has been replaced by —^fabc ■ The deformation ao of the Lagrangian 
can be found in the appendix A. It is unique up to solutions ao of the homogeneous equation 
7(30 + dbo = . 

We have thus proved by a new method that the spin-3 vertex of [6] is the only consistent 
nontrivial first-order deformation of the free spin-3 theory with at most^° three derivatives in 
the Lagrangian, modulo deformations ao of the latter that are gauge-invariant up to a total 
derivative, i.e. such that 700 + dbo = 0. However, as is known from [9], this deformation 
cannot be completed to all orders, as is proved again in the next section. 

5.2.2 Obstruction for the second-order deformation 

In the previous section, we have constructed a first-order deformation Wi = J (ao + ai + a2) 
of the free functional Wq . As explained in Section 4.2, a consistent second-order deformation 
W2 must satisfy the condition 

{W,,W,)a.b. = -2sW2. (5.64) 
Expanding {Wi, Wi)a.b. according to the antifield number, one finds 

{Wi, Wi)a.b. = j d^'x {ao + ai + aa) , 

where the term of antifield number two 02 comes from the antibracket of a2 with itself. 

If one also expands W2 according to the antifield number, one gets from (5.64) the 
following condition on 02 (it is easy to see that the expansion of W2 can be assumed to stop 
at antifield number three, W2 = J d"'x{co + Ci + C2 + C3) and that C3 may be assumed to be 
invariant, 7C3 = 0) 

"2 = -2(7C2 + SC3) + d^bt^ . (5.65) 

Explicitly, 

j^rjibpLa\(irj}d jjepv\a _|_ rj]bpa\Prj^d ^eav\p _jjbpa\vl3 r^d rj^e p\<j 

^°The developments above prove the three-derivatives case. For less derivatives, it follows from above 
that a2 = 0, which implies that 701 = by (5.60); however there is no such parity and Poincare-invariant 
nontrivial ai with less than two derivatives, so ai = as well. 
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It is impossible to get an expression with three ghosts, one C* and no fields, by acting with 
5 on C3, so we can assume without loss of generality that C3 vanishes, which implies that 02 
should be 7-exact modulo total derivatives. 

However, 02 is not a mod-ii 7-coboundary unless it vanishes. Indeed, suppose we have 

"2 = l{u) + d^k^ . 

Both u and have antifield number two and we can restrict ourselves to their components 
linear in C* without loss of generality (so that the gauge algebra closes off-shell at second 
order). We can also assume that u contains C* undifferentiated, since derivatives can be 
removed through integration by parts. As the Euler derivative of a divergence is zero, we 
can reformulate the question as to whether the following identity holds, 

5^a2 _ S^i'yu) _ / d^u 
5^ = 7C^ = ~^19C^. 



since 7C* = and C* appears undifferentiated in u. On the other hand, 4^ is a sum of 
nontrivial elements of H {'-/)] it can be 7-exact only if it vanishes. Consequently, a necessary 
condition for the closure of the gauge transformations (c2 may be assumed to be linear in 
the antifields) is 02 = 0. 

Finally, 02 vanishes if and only if fabcf^de ~ (nilpotency of the algebra) or n = 3 , which 
implies when n > 3 the vanishing of fabc (by Lemma 1), and thus of the whole deformation 
candidate. 

Let us note that originally, in the work [9], the obstruction to this first-order deforma- 
tion appeared under the weaker form fabJ^de = fadcf%e (associativity) and was obtained 
by demanding the closure of the algebra of gauge transformations at second order in the 
deformation parameter. 



5.3 Five-derivative deformation 

We now consider the deformation related to a2 = written in Equation (5.58). In this 
case, the general solution ai of 701 -|- 5a2 + dhi = is, modulo trivial terms, 

a, = -2 (hr" - ^r/'^^/^r)9f,/^^],[,,,]f/ri^'^7r,.] + -a, , (5.66) 

where ai is an arbitrary element of H {'-/). 
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When the structure constant is completely antisymmetric in its indices, a Lagrangian 
deformation such that 709 + 5ai + dh^ = can be computed. However, its expression is 
quite long and is therefore to be found in the appendix B. We used the symbolic manipulation 
program FORM [40] for its computation. This nontrivial first-order deformation of the free 
theory had not been found in the previous spin-three analyzes in Minkowski space-time, 
which is related to the assumption usually made that the Lagrangian deformation should 
contain at most three derivatives, while it contains five of them in this case. 

However, it would be very interesting to see whether the cubic vertex written in Appendix 
B could be related to the flat space limit of the higher-spin vertices of the second reference 
of [18]. At first order in the deformation parameter, it might be possible to take some fiat 
space limit of the {A)dSn cubic vertices. A very appropriate free limit must indeed be taken: 
The dimensionless coupling constant g of full higher-spin gauge theory should go to zero in 
a way that compensates the non-analyticity ~ 1 / A™ in the cosmological constant A of the 
cubic vertices, i.e. such that the ratio g/A"^ is finite. The vertex could then be recovered 
in such appropriate limits from the action of [41] by substituting the linearized spin-3 field 
strengths for the full nonlinear ones at quadratic order and replacing the auxiliary and extra 
connections by their expressions in terms of the spin-3 gauge field obtained by solving the 
linearized torsion-like constaints, as explained in [2,3,18] (and references therein). Such a 
relation would provide a geometric meaning for the complicated expression of Appendix B. 

The next step is to find the second order components of the deformation. Similarly to the 
previous case, it can easily be checked that we can assume C3 = 0. However, no obstruction 
arises from the constraint 0:2 = (02,^2) = — 27C2 + dmk^- If this candidate for an interacting 
theory is obstructed, the obstructions should arise at some later stage, i.e. beyond the 
(possibly on-shell) closure of the gauge transformations. 

For completeness, one should check if 709 -|- 5ai + dh^ = admits a solution oq when the 
structure constant g\^ = g'^[hc] completely antisymmetric but has the "hook" symmetry 

property S^^^g'^bc] = 0. However, the computations involved are very cumbersome and we 
were not able to reach any conclusion about the existence of such an uq. 

6 Conclusions and perspectives 

In this paper we carefully analyzed the problem of introducing consistent interactions among 
a countable collection of spin-3 gauge fields in fiat space-time of arbitrary dimension n > 
3 . For this purpose we used the powerful BRST cohomological deformation techniques 
in order to be as exhaustive as possible. Under the sole assumptions of locality, parity 
invariance, Poincare invariance and perturbative deformation of the free theory, we proved 
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that only two classes of non-abelian gauge symmetries are consistent at first order. They 
close off-shell and are entirely characterized by the structure constants of some internal 
anticommutative algebra (as for Yang-Mills's theories). When these constant tensors are 
completely antisymmetric (this is possible only for a set of different massless spin-3 fields), 
there exist actions that are invariant at first order under the non-Abelian gauge symmetries. 
The first deformation corresponds to the well-known Berends-Burgers-van Dam cubic vertex 
which involves three derivatives of the fields and becomes inconsistent at second order. The 
second deformation is defined for n > 4 and corresponds to a cubic vertex that involves five 
derivatives. There are some indications that this deformation could be obtained from an 
appropriate flat-space limit of the nonlinear {A)dSn higher-spin gauge theory of Ref. [2]. 

The antisymmetry condition Qabc = g[abc] on the structure constant of the second defor- 
mation is only sufficient for the existence of the vertex. It would be interesting to establish 
whether a constant tensor gf^j^^j with the "hook" symmetries Sii^ad'^bc] = might not also 
give rise to a consistent first-order vertex. If this first-order non-abelian deformation turned 
out to exist, then there would be no other one, under the assumptions stated above. The 
relaxation of the parity symmetry requirement and the special case n = 3 also deserve more 
study [42]. 

Moreover, it would be of prime importance to investigate whether the second first-order 
consistent deformation could be extended to higher orders in the deformation parameter. 
At second order, a first test has been passed where the Berends-Burgers-van Dam vertex 
fails, but unfortunately the lengthy nature of the five- derivative cubic vertex makes further 
analysis very tedious. 

Last but not least, it would be of interest to enlarge the set of fields to spin 2, 3 and 4 and 
see if this allows to remove the previous obstruction at order two. A hint that this might be 
sufficient comes from the fact that the commutator of two spin-3 generators produces spin-2 
and spin-4 generators for the bosonic higher-spin algebra of Ref. [2] . 
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Appendices 



In this appendix, we provide the Lagrangian deformations Oq for the first-order interactions 
found in Section 5, as well as the first-order deformation of the gauge transformations for 
the Berends-Burgers-van Dam vertex. 



A Three- derivative vertex 

The deformation 

y oo = f[abc]S°''"' ; S"-'"'[h'l^^p] = -- J Cg'g^jjdJ'x 
related to the element a\ of Section 5.2 is the Berends-Burgers-van Dam cubic vertex 

+3 K,^^,h}"^^^hl '^^ + 3 K^^^^'h'^^^hl, - \ hl.^h'f'h^^'- - 1 hl.h'^^'^h^^ 
-3 K^^h'''''^h^, - ^ '"'h'^'^h'^,,/ + 3 Kh'.^^h'^, ^^'"^ + hl '-^h'^-'hl^s 

Q 

where we remind that indices after a coma denote partial derivatives. 
The first-order deformation of the gauge transformations is given by 

"A"'/x!/p J be ^ fiup 1 

where $J^tp is the completely symmetric component of 

^ttp = 6 h'^^Xl^^^^ - 3 /.^'^A^,,^^ + 6 hl^l^'^ - 6 hlK,/ - ^/it..,.A-'^ 
31 Q 11 

I ^ vb(TT\c \ hb X^o-r l6 '^.t\c 

300 

/i \ ccr J, 6 \ co-r t, 6 \ car , ^ 7, bar \ c 

113 Q 

7^6 \CT,o- _|_ '^i^bcTTXC j_Ahb \C(TT "'T^b ,o-r\c 

+Vpu ( ^(/^''^•;A^. - <,.A-- - /.S./'"^A-) + ^(/.^'^-A^, + /.^"'^^..A:,) 
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This expression is equivalent to that of [6] modulo field redefinitions. 

B Five-derivative vertex 

In this appendix, we give the deformation oq related to the element a| of Section 5.3 with 
completely antisymmetric structure constants. It satisfies the equation 700 + 5ai + dho = 
for ai defined by (5.66), in which di = 0. The deformation is 

where 



^ahc 

ha ^ — \ dp^ijh^'^^ dpcrrhcX — \ dpyh^"^ dprjd^hcXaT ~ \ dpyh^dpXcrh^ — I dpi/h^dparhf^x^ 

— I dph^"^^ dypXrjh^ar + \ dph^"^ dup-qd^ h^Xar + | dp^h^dyparh^x^ — I dph^di,pad'^ h(,\ 

fl h°"^^f) /i , _ 5 /) h^-^^r) J- 3 ^JO'A,-'*^'^ f) h . J- 1 /) Pi h'^ 

~ 4. '-'aT'''b '-'iJ,up"'cX 3 i^ctt"'^ '^fJ.i'p"'cXr] ' 4 '^cr'^ "-j '^fMUp' ''cXrjT ~r 2 '-^^t' % '-'pup"'c 

+f§ do^rh^dpuph^x^ — I dad"^ h^dpuphcx — dpphbpdo-rd'^ ~ ^ dph^^J^^ dpo-rxhc 

+ 1 dphbuardpXrfd'^ — | dphbuardpxd^'^ h"^ + I dphbuardpX-qd^ ~ J2 df^hbuOpXarh'^'^^ 

— I dphbudpXad^'h^ — ^ dxhfj^'p duparh^ — \ dx-qhbpardupd'^ h^'^'^ + I dxd^hl^^dyprh" 
+1 d^ixhbpdyp&^h^ — yI drjd^ hbpdy pxhj^ + ^ Opx^bJ^"^ darrjhf.^^ + | dphbuard'^^'^^ h^pXr] 

+ 1 dphbuard^^^dxhcp + I dphbucTTd^^dx-qh^p"^ — dphbuard^^ dxr^h^^'^ + dphbydxd^"'^ hcpar 
+ 3 hbpa-rd^^^ dyhcpXr] ~ | 9" hbpard^^ dyX^cp + 3 9^^^;^^ ducrr-qhl^px — f d'^hj^p^ dyarXhcp 
+2 d^'^ hbpXadurrihcp"^ — | drhbpXadyrjd^^ h^p'^ + | d"^ h^p^duXTrihcp'^ + d^hbparduX-qd^h^p'^ 
4 9 hbpardrjd^ ^c!^pA 4 hibpard-qd ^ h(.jjpX ~l~ 4 "9 ^bpard-qd ^h(.ypX 

+ g dphbupxd''^'^^^ hcarri — ^ dphbupxd^"'^ dahcT — X (^f^hbupxd'^^^ dah^rri 
+^ dphbupxd'^^darh'^ + I drikbpuxd'^dpcrrhY^ — \ Orjhbpuxd^'^ dpah]! 

— dahbpuxd^" dpri^Pc ~ i drfhbpuxdparh^"'^ + \ 9'^'^ hbpuxdparh^ + I d'^hbpuxdriard^ h^p^'^ 



cup 
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— I drihhp^updxad'^'^ — ^ drihhp^j^pd^^dxa-h'^ — yI dfj^uhhxd^'^'^ hcpar + xl df^yhi^xd^" dcjhcp 

dpuhbxd"^ do-rihf.p^^ + ^ d^h^"^^ duXarhcp + ^ d^xh^dvad'^ hc-p — d^h^duXarhcp^ 

-f dpd'^hld.Xahcp + I dXdu.d'^'h.pXr -Sd^h^^^d^Xrid^Kp^r " i /l^" 9^... ^ 

— I d^" hi^xdfj.ud'^ hcpar + ^ d^'^hhxdp^ahcp — d'^'^h^df^t^xhcpar + H d" dah^d^yX^cp 
~X ^"^^ ^b'^fJ-fo-hcpXr + d'^dcrh^dfj^i^rh^pX + f d-qX^ dpucrh'^pr + f ^fe"^^ ^Mi^crr /j^p A 

+ f^A^ft dpyqd^hcpar ~ 3 hf^ d^yf^x^cpcTr ~ 2 ^^.^bXard ^h^uprj dphfyxd ^ d^jhcupr, 

+ ^ dp^h^d"^ darhcupX ~ f dpd^ h^"^^ dquT^cupX ~ X ^P^b'^^ ^'^ ^rjarh-cupX + g dx^b"^ 9 purd^ hey p 
~\ d^h^"^^ dpXarhcvpr) — ^ h}jxd pr^ah'^u p ~ \ d'^^ h^dfj^j^xhcupcr — I O'^drjh^dp^xd^ hcupa 

— ^ d" dah^d^rid"^ hcvpX + d"'^ h^dparhcupX — ^ d"^ dfjhl"'^ dp,rr]hcvpX + f d"^ drfhl"'^ dfj^arhcupX 
~\ dxh^"^ dcrrrid^hcpup + ^ 9^ h^'^^ dxaTTj^-cpup ~ | dxh^dard"^ hcpup ~ \ d'^^ h^dxarhcpup^ 

+ ha \ dfj,h^"'^dxaTphc — yI dphl'^^darvph^x^ + ^ dphl'^^dfjrud'^hcX + ^ dpxh^^^ d"'^ dahcupr 

-I dphl^'dx^d'^^hcupr + dphl'pd'^-d^rhcxup + ^ d,,hxd^^p''h,,p„ - i s^/i^aA.pa'^/i^ 

^A^^b^'^'^a/icA.p + i OXd'^dp^Kx - dxh^.^'dpp^rhl + i 5,/i^''"a^Apa/lI 

+ f§5A/lft ^d^iycrrhf,^^ — J dxhfj dp^ycrd'^ hep — ^d^hj^'^ dpuprh^Xo- ~^ ^ ^xh^^ ^df^ad'^^hcupr 

+ d'^h^rdpxad''hc^,,p -Qd'^hl'"'dp,,xahl,p - d"hl''''dpr,.d''h,xup -Id^'^hxdpuph^c 

-i 9,/i^5^Ap./ic'''" + i 5^"/ife9^Ap/ic. - ^ dpdphldpxuh"", + f dpdphld^yd'hcx 

— d'f'h^dp.phcx - ^ ^A/if "s.p,. V" + i 9A/if "a.p^a'^/i,^ + § ^9a.p./i,/" 

— 5'^/if''9A.p./icM + B 5A/i^5,p<,5^/i,/'^ + i dxhld,pd^Ph,p - 1 a,/i^9Ap.5'^/icr 

+i c>"/i^9A.p<x/icr - i d'hldP^dp^K^.yx + \ d^'hldP'^d.pKpXo - \ dxh^r^'^'duahcppr 

-f dX'''d,prd-KpXa + 2 9^/i^''^9a.p./i;^, - i aA/i^'"^9-5,./lepp. + i 5,/i^'"^a--aA./icpp<x 

+i h^ypypd'^^"'^ hcXar — \ d^hbpvpd^'^''^ hcXuT + ^ d^h^pypd^'^'' d^hcx — | dyhhppad'^'^''^hcx 

+ ! + I a'^^/l5^,p5'^^9A/i?.. + I a'^/l,^,,5^'^^aA/l?,. - \ d'^h^ypd^rd'^^hP 

+\ dxh^ypd^rd'^h^/'^ + I dxh^^pd'^d^rhr + h dxhbpupd'^'^d.hP, + \ 9a V-^p^-^^'^c"'' 
9A/i6^.p9<..9^"/i^'"^ + i aA/i6M9.pa9'^/le^"^ + ^ d^h^dxupohT" + | dxKpdupd^'P h^ 

-IdXpdxupd'hpy 
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